Abstract
INTRODUCTION
Polyploids are organisms whose genomes consist of more than two complete sets of chromosomes In autopolyploids, more than two homologous chromosomes can pair at meiosis, resulting in the 36 formation of multivalents and polysomic inheritance (Rieger et al., 1968) . A peculiarity of polysomic 37 inheritance is the possibility that a gamete inherits a single gene copy twice, termed double-reduction 38 (Butruille and Boiteux, 2000) . For example, an autotetraploid individual produces a gamete .
39
In prophase I, crossovers can happen between the locus and the centromere, resulting in an exchange 40 of chromatid fragments between pairing chromosomes. In a multivalent configuration, the separation of 41 chromosomes can be either disjunctional or nondisjunctional (de Silva et al., 2005) . For nondisjunctional transitional probability. There are at most ⌊ /4⌋ pairs of IBDR alleles within a gamete, where is the 111 ploidy level of the resulting zygote. Let and be the genotypes of a zygote and a gamete, respectively,
112
and let be the probability that the gamete carries pairs of IBDR alleles, then ∑︀ ⌊ /4⌋ =0 = 1. Suppose 113 that ℎ is the number of alleles at target locus, then the probability that produces is the following 114 weighted sum:
Where and are the numbers of copies of the th allele (say ) in and , respectively, and 116 is the number of IBDR allele pairs -in , = 1, 2, · · · , ℎ, then
= /2 and 117 ∑︀ ℎ
=1
= .
118
The symbol in Equation (1) is a binary variable, which is used to limit the range of , so as to 
122
In Equation (1), for every ( = 0, 1, 2, · · · , ⌊ /4⌋), two events need consideration. First, is the 123 event that carries pairs of IBDR alleles. Second, is the event that those pairs of IBDR alleles are 124 distributed into ℎ kinds of alleles. Because both types of event are mutually exclusive, the products of 125 the probabilities of the two events stated above are summed to obtain ( | ).
126
Each chromosome is duplicated during meiosis, so each allele in becomes a pair of duplicated 127 alleles. For the th kind of allele, firstly we sample pairs from the pairs of duplicated alleles -,
128
then there are (︀ )︀ ways (where 0 ), and so the first combination in the numerator of Equation
129
(1) is obtained. We then sample the non-IBDR alleles to form . The remaining is − pairs of )︀ .
136
In the following example, we consider the total number of combinations to produce a gamete consist-
137
ing of pairs of IBDR alleles without accounting for the specific genotypes and . Similar to the above 138 process, we firstly sample pairs from the pairs of duplicated alleles, and these alleles will become the each pair of the /2 − 2 pairs is further sampled to form . The total number of allele combinations is 141 2 /2−2 (︀ )︀(︀ − /2−2 )︀ . Here the coefficient 2 /2−2 is eliminated in the fraction in Equation (1).
142
Equation (1) is a general expression of the transitional probability, and can be applied at multiallelic 143 loci and at any even level of ploidy. As an example, the transitional probability from zygotes to gametes 144 in octosomic inheritance at a biallelic locus is shown in Table 1 . Another example is shown in Appendix
145
A, which is the derivation of ( | ) = (4 0 + 5 1 + 6 2 )/8.
146
Random chromosome segregation
147
The random chromosome segregation model ignores the crossover between the target locus and the 148 centromere, and the rate of double-reduction ( ) is equal to zero (Muller, 1914) . In the absence of 149 crossing over, gametes may originate from any combination of homologous chromosomes, and two sister 150 chromatids never sort into the same gamete (Parisod et al., 2010, Figure 1A ). Therefore, genotypic 151 frequencies concur with the HWE. Here, the HWE is expanded to account for polysomic inheritance,
152
in which the alleles in a genotype are independent and randomly appear according to their frequencies.
153
Thus, the genotypic frequency under the RCS can be expressed as
Where denotes the frequency of . For example, the frequency of a tetraploid genotype is 155 12 2 .
156
When the conditions of the RCS are met, = 0 whenever > 0, then Equation (1) can be simplified
Pure random chromatid segregation
159
Pure random chromatid segregation accounts for the crossing over and assumes the chromatids be-
160
have independently in meiotic anaphases, and are randomly segregated into gametes (Haldane, 1930, 161 Figure 1B ). Then the probability that a zygote produces a gamete at a multiallelic locus can be 162 derived by sampling /2 chromatids (or allele copies) in a total number of 2 chromatids (or allele copies). Because the number of chromatids is twice the number of chromosomes, the transitional prob-164 ability ( | , PRCS) can be modified from Equation (2) by duplicating the terms and in those 165 combinations as follows:
The value of alpha of PRCS can be derived by simulating the meiosis, first sampling /2 − IBDR 167 allele pairs out of IBDR allele pairs, second segregating IBDR allele pairs and /2 − 2 non-IBDR 168 alleles into the gamete. Therefore, the value of is given by
The values of alpha under PRCS, ranging from tetrasomic to dodecasomic inheritance are shown in Table   170 2. The expected number of IBDR allele pairs in a gamete = ∑︀ = ( − 2)/(16 − 8).
171
Complete equational segregation
172
The complete equational segregation (CES) assumes the whole arms of the two pairing chromatids are 173 exchanged between pairing chromosomes (Mather, 1935) . In Figure 1C , the leftmost two chromosomes in 174 the primary oocyte are paired in the long arms, as well as the rightmost two chromosomes. In Metaphase
175
I, the chromosomes are randomly segregated into the secondary oocytes. If the pairing chromosomes are 176 segregated in the same secondary oocyte, then the duplicated alleles may be further segregated into a 177 single gamete.
178
The production of double-reduction gametes requires the fulfillment of two conditions: (i) the chro-179 mosomes paired at target locus are segregated into the same secondary oocyte; (ii) the duplicated alleles 180 are segregated into the same gamete. In order to construct a mathematical model of CES, we simulate 181 this meiosis, and the values of alpha will be derived by using a two-step process.
182
First, we model the probability, P , that pairs of chromosomes paired at the target locus (PCPs) )︀ , to derive P . The process 190 described above can be summarized by the following expression:
Second, we model the probability, , that pairs of duplicated alleles are segregated into a single
192
gamete. There are PCPs in the second oocyte, and each has four alleles (e.g. the alleles in both 193 chromosomes are and in the top second oocyte of Figure 1C ). PCPs are mutually exclusive, their probabilities are weighted by P to obtain the weighted sum, i.e. ,
205
whose expression is as follows:
Using Equation (5), the values of alpha of CES can be derived for different inheritance modes,
207
and these are presented in 
232
In the first step for CES, we model the probability P that PCPs are segregated into a secondary 233 oocyte, which remains unchanged in the PES.
234
Assuming that the alleles in each PCP are exchanged at a probability of between pairing chro-235 matids and those PCPs are exchanged independently, then the number of exchanged PCPs (EPCPs)
236
is drawn from the binomial distribution, and so the probability that the second oocyte contains
237
EPCPs is 
where is given in Equation (6).
250
Using Equation (7), the values of alpha in the PES model for tetrasomic to dodecasomic inheritance 251 can be derived, and the results are presented in Table 2 . The example deriving the values of alpha under 252 octosomic inheritance is also given in Appendix B. The expected number of IBDR allele pairs in a gamete
254
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257
Material S1: The appendices. For this method, the total probability formula together with Equation (1) are used to derive the 282 gamete frequencies and the multiplication theorem of probability is used to derive the zygote frequencies.
283
If the genotypic frequencies reach equilibrium, they will not change subsequently, and the system of 284 equations that we will construct can be solved by adding some constraints. In the following text, we 285 denote GFG for genotypic frequencies of gametes, and GFZ for genotypic frequencies of zygotes. Our 286 system of non-linear equations will be presented by the following two steps.
287
(i) Simulating meiosis. Given a gamete , if the genotypic frequencies reach equilibrium, then the 288 GFG is determined by the total probability formula, i.e. the sum of the transition probabilities ( | )
289
weighted by GFZ, symbolically
Here is taken from all zygote genotypes and ( | ) can be obtained by Equation (1). Because there
)︀ gamete genotypes, Equation (8) represents
)︀ equations.
292
(ii) Simulating fertilization. The GFZ in the next generation is determined by the multiplication 293 theorem of probability with GFG as the weight. Under equilibrium, the GFG and GFZ are constant 294 across generations, then for a zygote , we can establish an equation as follows:
Where is regarded as a multiset; is taken from all possible different subsets of with /2 elements; 296 and the symbol ∖ denotes the operation of set difference. Here, a multiset is a generalized set, whose 297 elements can be repeated (e.g. if = ), it can be regarded as a multiset consisting of four elements,
298
i.e. = { , , , }, and its different subsets containing two elements are { , } and { , }; moreover,
Equation (9) represents (︀ +ℎ−1 )︀ equations. If the double-reduction ratios in two parents are different,
301
then the genotypic frequencies of egg and sperm should be treated separately in Equation (9), e.g. Pr( )
302
and Pr( ∖ ) are replaced by the frequencies of an egg and a sperm ∖ , respectively, and their 303 frequencies are calculated by substituting different double-reduction parameters into Equation (8).
304
The process that transforms the allele frequencies into the GFG can be described by a linear sub-305 stitution in the sense that every allele frequency can be expressed as a linear combination of the GFG.
306
Substituting the equations determined by Equation (9) into the equations determined by Equation (8), 307 we obtain a system of non-linear equations with the GFG as unknowns. This system of equations togeth- is given in Appendix C, which shows how to find the solution of the latter system of non-linear equations
312
(i.e. how to derive the expressions of GFG with parameters) for tetrasomic inheritance at a triallelic 313 locus.
314
In Appendix C, for the case of GFG, the whole gamete genotypes are , , and , , .
315
We choose and as representatives of genotype pattern, then each genotype can be classified into 316 one of these patterns. The partial solution determined by the representatives is called the generalized 317 form of the solution mentioned above, whose expression is given in Equation (A3). For the case of GFZ, 318 the notion of generalized form can be similarly defined, whose expression is given in Equation (A4).
319
For each gamete with /2 allele copies, the number of alleles ℎ at the target locus should at least 320 be /2 to allow for all genotypic patterns to be displayed. For example, the full gamete heterozygote 321 under octosomic inheritance can be observed at a tetra-allelic locus. Further, if ℎ /2 + 1, the 322 generalized form for all genotypic patterns of GFG can be obtained. Because the allele frequencies at can therefore be expressed by ℎ − 1 allele frequencies.
Using the tetrasomic inheritance under RCS as an example, the frequency of a gamete = can 326 be solved at a biallelic locus, and the solution is 2 (1 − ). Moreover, its solution with the generalized 327 form at a triallelic locus can also be obtained, with the answer being 2 .
328
The number of equations determined by Equation (8) or Equation (9) 
376
According Deduction (iv), if a generalized form for the GFG or GFZ is given, we can write down 377 the whole expressions of the GFG or GFZ.
378
Using these deductions as stated above, the GFG can be solved step-by-step. At each step, one 379 novel allele is separated from an existing allele. The procedure begins with a biallelic locus, which can 380 be solved by the non-linear method. After the number of alleles reaches /2 + 1, the generalized form of 381 GFG is obtained, and then the GFZ can be derived by using Equation (9).
382
Using the hexasomic inheritance as an example, we assume that the GFG at a biallelic locus is 
392
The linear method can also be characterized by a system Ax = b of linear equations. Using the first 393 mutation in hexasomic inheritance as an example, the coefficient matrix A is established (see Table 3 for 394 details, in which , and denote ,3 , ,3 and ,3 , respectively). The elements in b can be derived 395 from the above four deductions. For example, the first seven equations of Ax = b are we can write down the remaining equations and the total number of equations is ℎ times of the number 401 of core equations.
402
The numbers of rows and columns of A are 21 and 10, respectively, which means that there are 21 403 equations and 10 unknowns (i.e. the whole GFG after mutation, e.g. 
407
The numbers of rows and columns of A are respectively 39 and 28 for dodecasomic inheritance at 408 a triallelic locus, and the rank of A is 27 by symbolic calculation. Unfortunately, because there are 28 409 unknowns, our system Ax = b is underdetermined and has an infinite number of solutions.
410
Using this method, we are able to derive the GFZ and GFG from tetrasomic to decasomic inheritance.
411
For the cases of tetrasomic and hexasomic inheritance, these results are identical to the solutions obtained 
429
The inbreeding coefficient in polysomic inheritance is defined as the probability of sampling two
430
IBD alleles from a genotype without replacement (Huang et al., 2015) . In polyploids, gametes also have 431 multiple alleles at a target locus, and the inbreeding coefficient and heterozygosity can also be applied to 432 gametes to measure the degree of IBD or identical-by-state (IBS) allele pairs (Barone et al., 1995) . gamete. Hence the inbreeding coefficient for this gamete is as follows:
For the 2 /4 allele pairs from two different fertilizing gametes, the mating individuals in the presence 442 of inbreeding may also share IBD alleles. The co-ancestry coefficient is used to measure the degree of 443 kinship in mating individuals, where the co-ancestry coefficient, denoted by , is defined as the probability 444 that two alleles, one randomly sampled from each individual, are IBD (Jacquard, 1972) . Then there is a 445 value 2 /4 expected IBD allele pairs between fertilizing gametes.
446
From the above derivation, the number of pairs of IBD alleles in the zygote is in total 2 +2
. Therefore, the inbreeding coefficient for zygotes of the current generation ′ is as follows:
The formula is the transition function of inbreeding coefficients. If the genotypic frequencies reach 449 equilibrium, these inbreeding coefficients will be constant across generations. By replacing ′ with in 450 the transition function, the inbreeding coefficient at equilibrium can be solved, whose expression is as 451 follows:
For an outcrossed population, = 0. Then, by substituting Equation (11) for Equation (10), the 453 inbreeding coefficients and can be obtained, whose values at equilibrium for different double-reduction 454 models are shown in the rightmost two columns of Table 2 .
455
If the relationships between mating individuals can be classified into several types (e.g. self: selfing, 456 parent-offspring: backcross), then the co-ancestry coefficient can be derived by a weighted average of 457 the co-ancestry coefficients of those types of relationships. An example to derive the expressions of these 458 co-ancestry coefficients as well as the inbreeding coefficient is given in Appendix E.
459
Following the modification of the definition of inbreeding coefficients, the heterozygosity in polysom-460 ic inheritance is defined as the probability of sampling two non-IBS alleles from a genotype without 461 replacement (Hardy, 2016) . For the two alleles sampled, if they are IBD, then these alleles cannot be 462 IBS; otherwise they are independent and are non-IBS alleles at a probability of 1 − ∑︀ ℎ . Let be the 463 heterozygosity of zygotes and ℎ be that of gametes, then:
Where is the inbreeding coefficient of zygotes and is that of gametes. and calculate the weighted average of gamete frequencies according to the probability of each possibility.
487
The frequencies of identical gametes produced from different zygotes are weighed again by the zygote 488 frequencies so as to obtain the gamete frequencies in the population.
489
The gametes are randomly merged to simulate fertilization, then the zygote frequency in the next 490 generation can be calculated. The population is reproduced for 100 generations to converge the genotypic 491 frequencies. The simulation program can be found in the electronic supplementary materials.
492
There are many potential genotypes and phenotypes in a population, and it is thus impractical to
493
show all of these frequencies in the manuscript. As an alternative, the phenotypic frequencies of zygote 494 patterns are shown in Table 4 , and the genotypic frequencies of gamete patterns are shown in Table 5 .
495
As a comparison, the corresponding analytical solutions of model predictions are also shown. and CES models, the number of degrees of freedom of such a model increases only by ⌊ /4⌋.
528
Genotypic frequencies, inbreeding coefficient and heterozygosity level of ploidy is computationally difficult and we can currently only solve the genotypic frequencies for 535 hexasomic inheritance, it will be possible with more powerful computers and more advanced algorithms.
536
The second method is the linear method, which requires more steps but less computational power.
537
This uses the solution obtained by the non-linear method at a biallelic locus as the initial solution, and at 538 each step it is assumed that one novel allele mutates from an existing allele. Some novel genotypes will be 539 separated from existing genotypes, whilst the genotypic frequencies will still concur with the equilibrium.
540
Using the four deductions, the equations of the genotypic frequencies of gametes are initially established 541 by the total probability formula, and then the equations of the genotypic frequencies of zygotes are 542 established by the multiplication theorem of probability. Unfortunately, the constraints are insufficient 543 to obtain a unique solution for ploidy levels greater than or equal to 12. Although this is not perfect, our 544 method is more than adequate to answer most current research questions on this subject. how double-reduction and inbreeding influence the inbreeding coefficient and heterozygosity are derived.
550
We found that double-reduction can cause a maximum inbreeding coefficient being 0.0769 (in CES) under 551 tetrasomic inheritance in an outcrossed population. For the same double-reduction model, the double-552 reduction ratio is increased whilst the inbreeding coefficient is reduced with increasing levels of ploidy
553
( Table 2) .
554
In the presence of double-reduction and/or inbreeding, the theoretical observed heterozygosity can 555 be calculated from the inbreeding coefficient, and is identical to Nei's (1977) estimator of the inbreeding 556 coefficient. This means that the inbreeding coefficient in polysomic inheritance can still be estimated by 557 previous estimators, the same as for other -statistics, although some modifications should be made to 558 account for the finite sample size (e.g. Robertson and Hill, 1984; Weir and Cockerham, 1984) .
559
Applications of zygote frequencies
560
Genotypic frequencies can be used for many applications, such as for population genetics, molecular 561 ecology, molecular breeding, and so on. Some of the applications of zygote frequencies are listed as 562 follows.
563
(i) Estimating the allele frequency from phenotypes: the probability that observing a genotype 564 conditional on a phenotype can be derived from the GFZ and Bayes formula. By counting the number 565 of copies of each allele in each possible genotype and using the conditional probability as a weight, the There are also some potential applications of the transitional probability from zygotes to gametes 597 and the gamete frequencies, in additional to solve the values of alpha for PRCS (Equation (3)) and to 598 derive the genotypic frequencies at equilibrium (Equation (8)).
599
(i) Parentage analysis: the transitional probability that a parent or a pair of parents produce an 600 offspring is used in the calculation of likelihoods of the following two hypotheses: (i) is that an alleged 601 father is the true father of the offspring; (ii) is that the alleged father is unrelated to the offspring and is 602 randomly sampled from the population (Marshall et al., 1998; Kalinowski et al., 2007) . This transitional 603 probability is a summation of the products of two gamete frequencies that form the offspring's genotype,
604
where the frequency is equal to Pr( | ) Pr( ∖ | ) if the mother's genotype is known, or equal to and assumes the chromatids behave independently and randomly segregate into gametes (Haldane, 1930) .
748
When sister chromatids are segregated into the same gamete, double-reduction occurs. The probability oocyte were previously paired at a target locus in Prophase I is 1/3. In this case, these sister chromatid 755 fragments will become segregated in a single gamete at a ratio of 1/2, so the rate of double-reduction is 756 thus 1/6 for tetrasomic inheritance. 
757
0.0409
Where denotes the single chromatid recombination rate between target locus and the centromere, and denote the inbreeding coefficients in zygotes and gametes, respectively. The numerical solutions of and are given in the rightmost column. For PES, these numerical solutions are calculated with = 0.5. 
Where , and denote the frequencies of alleles , and at a triallelic locus, respectively. The blank elements are zero. A Derivation of Pr( | )
In this example, we show how to derive the transitional probability from a zygote genotype = to a gamete genotype = . According to Equation (1), and are respectively the numbers of copies of in and , ℎ is the number of alleles at this locus, and is the ploidy level.
Letting = 8, ℎ = 2, 1 = 0, 2 = 4, 1 = 1 and 2 = 7, and expanding the sum formula in Equation (1), it follows the following expression:
Note that = 0 whenever < max(0, − ) or > min( , /2). The coefficients of the above terms with a gray background are equal to zero.
B Derivation of under octosomic inheritance
In this example, we show how to derive the values of alpha for octosomic inheritance in both CES and PES.
For the case of CES, we firstly calculate the values of P for each possible . Because there are /2 chromosomes, the maximum value of is ⌊ /4⌋. Note that in this case, we have = 8, then ⌊ /4⌋ = 2 and = 0, 1, 2. Now, by Equation (4), we obtain
Secondly, we calculate the value of under CES where 0 ⌊ /4⌋, i.e. 0 2. By Equation
.
For the case of PES, we still have = 8, then ⌊ /4⌋ = 2 and the values of P 0 , P 1 and P 2 in Equation (6) are just those values in the case of CES. Now, according to Equation (6), we have Further, because of Equation (5), we derive the value of ( = 0, 1, 2) under PES as follows: 
C Derivation of GFG and GFZ with nonlinear method
Here, we use the tetrasomic inheritance at a triallelic locus under equilibrium to derive the GFG by using a non-linear method as an example. Under these conditions, we have = 4 and ℎ = 3. Because (i) Simulating meiosis. We denote and for two gamete genotypes, and and for their frequencies, and so on. Similarly, denote and for two zygote genotypes, and and for their frequencies, and so on. Now, by Equation (8), the GFG can be established as follows: 
(ii) Simulating fertilization. By Equation (9), the GFZ can be established as follows:
Now, substituting Equation (A2) into Equation (A1), the GFZ are eliminated, and a system of nonlinear equations with 6 equations and 6 unknown is obtained (whose expressions are more complex and omitted). On the other hand, the process that transform the allele frequencies into GFG can described by the linear substitution 
Using Equation (9), we can derive the generalized form for GFZ at equilibrium as follows:
In selfing, the individual self-fertilizes. For a pair of alleles sampled from an individual with replacement, the probability is 1/ if the same allele is sampled twice and these are indeed IBD; otherwise the probability is . Hence = 1 + −1 .
In backcrossing, the offspring is fertilized by, or fertilizes, its parent (says ). Let be the other parent. Denote and for the two gametes which are respectively produced by and to form an offspring. The allele pairs between the offspring and can be classified into two categories: (i) between and . In this case, for each allele pair, the probability that the two alleles are IBD is equal to ; (ii) between and . In this case, for each allele pair, the probability that the two alleles are IBD alleles is equal to , i.e. the co-ancestry coefficient between mating individuals. Hence = ( + )/2.
In matings between full-siblings (says and ), it is assumed that the parents are and , and let and gam be the gametes forming , where is produced by and is produced by . Similarly and denote the gametes forming . For each pair of alleles, the probability that the two alleles are IBD between -is , the same as that between -; and the probability that they are IBD between -is , the same as that between -. Hence = ( + )/2.
In matings between nonrelatives, = 0.
Second, we derive the in population with a selfing ratio as an example. Assuming a proportion of individuals is produced by selfing and the remaining proportion 1 − of individuals is produced from matings between nonrelatives, then = + (1 − ) . Because = 0, this expression can be simplified into = . By substituting this expression into Equation (11), we obtain inbreeding coefficient at equilibrium: = 8 + 8 + ( + − ) .
